Abstract. We provide a construction of local and automorphic non-tempered Arthur packets A Ψ of the group SO(3, 2) and its inner form SO(4, 1) associated with Arthur's parameter
Introduction
Let F be a global field and let L F be its conjectural Langlands group. Recall that for every place v of F there is an embedding i v : W ′ Fv ֒→ L F , where W ′ Fv is the Weil-Deligne group of the local field F v . In this paper we consider a non-tempered Arthur parameter Ψ : L F × SL 2 (C) → Sp 4 (C) such that the image of a unipotent element of SL 2 (C) belongs to the orbit generated by the short root element. Such a parameter is called a parameter of θ 10 type. The global parameter Ψ gives rise to a family of local non-tempered parameters
Let (V, q ± ) be a non-degenerate quadratic space over a non-archimedean field F v of dimension 5, discriminant 1 and the normalized Hasse invariant ±1. The groups SO(V, q ± ) are pure inner forms of each other and share the same dual group Sp 4 (C). According to Arthur's conjecture there exist finite sets A Ψv of admissible unitary representations of SO(V, q ± )(F v ) corresponding to the parameter Ψ v , called local A-packets. The construction of Arthur packets is a deep question which is far from being solved. For many small rank cases the packets are constructed by the theta correspondence method.
1.1. Construction of A-packets. In this paper we construct the local A-packets of θ 10 type for the split group SO(V, q + ) and its inner form SO(V, q − ) using the similitude theta correspondence for quaternionic unitary dual pairs. The quaternionic unitary dual pairs are relevant to the problem since the groups SO(V, q ± )(F v ) are isomorphic to the group of projective similitude automorphisms of the two-dimensional Hermitian space over D, where D runs over the set of all quaternion algebras over F v . When F v = R the same similitude theta correspondence allows to define the Arthur packets for the groups SO(3, 2) and SO(4, 1), but not for the anisotropic form SO(5).
We justify our construction using global methods. Let (V, q) be a non-degenerate quadratic space of dimension 5 over a number field F that is not anisotropic over any real place. Taking tensor products of the representations of SO(V, q)(F v ) in the local A-packets one can form a set of nearly equivalent representations of SO(V, q)(A), where A is the ring of adeles of F . This set is called the global Apacket. For any representation in the global A-packet Arthur predicts a formula for its multiplicity in the discrete automorphic L 2 spectrum of SO(V, q). We construct an automorphic realization of certain representations in the global A-packets and prove this multiplicity formula.
As another justification we show that the constructed cuspidal representations form a nearly equivalence class of cuspidal representations. The proof of the latter statement involves an L-function argument.
The cuspidal automorphic representations of θ 10 type of the split group Sp 4 ≃ Spin 5 were considered by Piatetskii-Shapiro and Howe [HPS] using the theta correspondence for the dual pair (O 2 , Sp 4 ) as the first counterexamples to the Ramanujan conjecture. Later, Soudry in [S] used the similitude global theta correspondence to construct non-tempered CAP representations of GSp 4 and investigated their properties. In [Ya2] Yasuda has constructed the local Arthur packets of θ 10 type of the group Sp 4 and its inner form using the theta correspondence for quaternionic dual pairs. We modify his results for the similitude theta correspondence. Note, that for the similitude group the multiplicity one property holds for the cuspidal representations in the packets of type θ 10 , when the representations of Sp 4 constructed by Yasuda can have high mulitplicity in the discrete spectrum.
1.2. The restriction problem. Our second goal is to investigate the restriction problem over a local non-archimedean field F v . Assume for now that (V, q) is an arbitrary non-degenerate quadratic space and (U, q| U ) is its non-degenerate subspace of codimension one.
The main object of the restriction problem is to compute, for all irreducible representations Π of SO(V, q) and π of SO(U, q| U ), the dimension of Hom SO(U) (Π, π).
The recent multiplicity one result in [AGSR] with a refinement in [W] shows that the dimension of this space is at most one.
About twenty years ago Gross and Prasad in [GP1] and [GP2] have formulated a conjecture according to which, given two generic local Langlands parameters
there exists a unique quadratic space (V ′ , q ′ ) with a non-degenerate subspace (U ′ , q ′ | U ′ ) of codimension one such that
and unique representations Π of SO(V ′ ) and π of SO(U ′ ) in the local Langlands packets associated with the parameters Φ 1 and Φ 2 respectively such that Hom SO(U ′ ) (Π, π) = 0.
Equivalently, (1.1)
Here SO(V ′ ) ⊃ SO(U ′ ) runs over all relevant pure inner forms of SO(V ) ⊃ SO(U ) and Π and π run over representations in the Langlands packets associated with Φ 1 , Φ 2 respectively.
The conjecture has first been proven in several low rank cases (see [P1] , [P2] ) and later proven in its full generality by Moeglin and Waldspurger in a series of papers (see [MW] ) assuming some natural properties of the generic Langlands packets. It has also recently been revised and generalized by Gan, Gross and Prasad in [GGP] for all the classical groups.
It is natural to ask what happens if the parameters are not generic. Having global applications in mind it is natural to replace the Langlands parameters Φ j and the associated Langlands packets by the Arthur's parameters Ψ j and the Arthur's packets A Ψj associated with them. By Shahidi's conjecture every tempered Arthur parameter is generic Langlands parameter. Thus we concentrate on the non-tempered Arthur's parameters.
At the moment there is no satisfactory generalization of the Gross-Prasad conjecture for the nontempered Arthur packets. However, examining the small rank cases for which the construction of the Arthur packets is known we quickly see that the picture turns out to be quite different. In particular, the sum (1.1) is not always positive. In the cases it is positive, we call the pair of parameters (Ψ 1 , Ψ 2 ) locally admissible. Furthermore, for locally admissible pairs the sum (1.1) can be greater than one.
Let us elaborate on the picture for the case dim V = 5 and disc(q) = 1. In this case U is a nondegenerate subspace of V of dimension 4 and disc q| U = d. The discriminant algebra K of q| U is defined by
By abuse of notations we shall write disc(q| U ) = K.
The non-tempered parameters Ψ 1 are partitioned into families according to the orbit of the image of SL 2 (C), or, by the Jacobson-Morozov theorem, according to a non-trivial unipotent orbit of Sp 4 (C). There exist three families of non-tempered Arthur parameters corresponding to the three non-trivial unipotent orbits of L SO(V ) ≃ Sp 4 (C): the regular one, the one generated by a long root and the one generated by a short root of Sp 4 (C).
When Ψ 1 is associated with the regular orbit, the packet is a singleton and consists of a onedimensional representation. Thus, (Ψ 1 , Ψ 2 ) is admissible only for non-tempered Ψ 2 corresponding to the regular orbit of L (SO(U )) = SO 4 (C) and the restriction question is trivial. The parameters Ψ 1 associated with the long root orbit are called parameters of Saito-Kurokawa type. Arthur's packets for all the inner forms were constructed in [G] and the restriction problem has been considered in [GG] . In particular, the condition for a pair (Ψ 1 , Ψ 2 ) to be admissible was determined. Note that Ψ 2 must be tempered. The sum (1.1) can equal 1 or 2. However, for a fixed space V ′ we have
Here the representations Π of SO(V ′ ) and π of SO(U ′ ) run over the representations in the packets associated with the parameters Ψ 1 and Ψ 2 respectively.
Finally, for Ψ 1 associated with the short root orbit, i.e., of θ 10 type, we solve the restriction problem in this paper. Assuming disc(q| U ) is a field we determine the parameters Ψ 2 such that (Ψ 1 , Ψ 2 ) is locally admissible. Similar to Saito-Kurokawa case, the parameter Ψ 2 must be tempered. We compute the value of (1.1): it can be either 2 or 4. Furthermore, even for a fixed form V ′ the sum (1.2) can be bigger than one. This phenomenon has not occurred before. The local restriction theorem appears in Section 8.
For the case disc(q| U ) is a split quadratic algebra we obtain the restriction of representations in A Ψ1 to the split group SO(2, 2), but not to its anisotropic inner form SO(4). Remark 1.3. The difficulty that prevents us from computing the restriction to the anisotropic group is of technical nature. Our main tool is the see-saw duality for a pair of similitude quaternionic unique dual pairs. However there is a difficulty to define the theta correspondence for such similitude dual pairs when neither one of the quaternionic Hermitian spaces admits a polarization as a sum of two isotropic subspaces. Hence, the construction will not work whenever the group SO(U ) is anisotropic. The same difficulty prevents one to construct representations in the Arthur packet of the anisotropic group SO(5) over the field of real numbers.
Including the anisotropic case would bring a lot of new notations and discussions which we feel do not belong here. We shall treat the remaining case elsewhere.
The local restriction problem has a global counterpart. For any (V ′ , U ′ ) as above, define a functional P V ′ ,U ′ on the space of automorphic forms A(SO(V ′ )) ⊗ A cusp (SO(U ′ )) by
Given an automorphic representation Π of SO(V ′ )(A) and a cuspidal automorphic representation π of SO(U ′ )(A), we investigate the non-vanishing of
Let Ψ 1 be a parameter of the type θ 10 , and E be a quadratic field extension naturally associated with it. Let Ψ 2 be a tempered parameter of SO(U, q| U ).
Our main global theorem states:
and let π be a cuspidal representation of SO(U ′ )(A). The following statements are equivalent.
(1) The period
This agrees with a version of the refined Ichino-Ikeda conjecture. For tempered cuspidal representations Π of SO(V ′ )(A) and π of SO(U ′ )(A) Ichino and Ikeda in [II] have conjectured that the period P V ′ ,U ′ does not vanish on Π ⊠ π if and only if
We show that the second statement of Theorem 1.4 is equivalent to (1.5) .
Remark 1.6. For the same reasons as before we investigate the non-vanishing of
is not anisotropic over any real place.
is not anisotropic for any local place.
The paper is organized as follows: after explaining in Section 2 some generalities about (skew)-Hermitian spaces over division algebras, we introduce in the Sections 3 and 4 the group of similitude automorphisms of these spaces.
In Section 5 we recall the notion of Howe duality for similitude unitary quaternionic groups. This is our main tool for constructing the A-packets. In Section 6 we determine the theta correspondence as explicitly as possible. The local A-packets are defined in the Section 7. The restriction problem is solved in the Section 8 using the see-saw duality. The rest of the paper addresses global questions. In section 9 we define the global Arthur packet and compute the multiplicity predicted by Arthur's multiplicity formula. The automorphic realization of the global Arthur packets is obtained in Sections 10 and 11 using the global theta correspondence. The Arthur's multiplicity formula is established in the Section 12. Section 13 is devoted to the Rankin-Selberg integral representation of an L-function of degree 5 of a representation of SO(V ′ ). When the group SO(V ′ ) is split, this integral representation has been constructed by Piatetskii-Shapiro and Rallis. This L-function is used in Section 14 to show that the cuspidal representations that we have constructed constitute a full nearly equivalence class, so that our construction is exhaustive. The global restriction problem is solved using the global see-saw duality in the Sections 15 − 17. The main global theorem is (17.1). Finally, in Section 18 we show the compatibility of the obtained results with the Ichino-Ikeda conjecture.
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Hermitian and skew-Hermitian spaces
Let F be a local non-archimedean field. Let D be a (possibly split) quaternion algebra over F . Denote by σ the main involution on D and by Nm D/F the reduced norm. To any right (left) D-module M we associate a left (right) D module M by
We define a right skew-Hermitian space (V, s) to be a right free D-module together with a map
All the non-degenerate skew-Hermitian free modules of rank n over D are classified up to isometry by the discriminant in F × /(F × ) 2 , or equivalently by quadratic algebras over F .
We also define a left Hermitian space (W, h) to be a left free D-module W together with the map
For any even n there exists a unique, up to isometry, non-degenerate left Hermitian space of rank n over D.
For any left Hermitian space (W
Similarly, for any right skew-Hermitian space (V D , s D ) there corresponds a quadratic space (V, s) over F defined by
Note that the isomorphism ϕ M is not canonical. For an element a ∈ F × \ Nm E/F (E × ) the isomorphism ϕ M and aϕ M give rise to two quadratic spaces (V, s ± ) having the same discriminant but different normalized Hasse invariants. Hasse invariant h(V, q) for a quadratic space is normalized so that it is constant in any Witt tower.
Moreover, there are isomorphism of D-modules
2.2. Main players. Let us fix the Hermitian and skew-Hermitian spaces that will be considered in the paper. First we fix notations for the algebras.
• Let D be a quaternion algebra over F with the main involution σ. Define h(D) = 1 if D split and h(D) = −1 otherwise.
• Let E be a quadratic algebra over F contained in D. The involution σ restricted to E defines a non-trivial Galois action.
• Let K be a quadratic algebra over F .
It is a quaternion algebra over K. The main involution is still denoted by σ and Nm DK /K denotes the reduced norm.
where
Assume that the algebra 
Similarly, the space V F ⊗ F W F admits a symplectic form defined by
Finally, the space V K ⊗ K W K is a symplectic space over K. Composing the symplectic form with tr K/F we obtain the symplectic form over F .
Lemma 2.1.
(1) Suppose that D splits. There is a natural isomorphism of symplectic F spaces
(2) Suppose that D K splits. There is a natural isomorphisms of symplectic F spaces
To prove (2) note that
Clearly, all the natural isomorphisms above are isomorphisms of symplectic spaces.
. Given a polarization of W K as a sum of two isotropic spaces
Similarly if D splits, the polarizations
Lemma 2.2.
(1) For compatible polarizations there is a natural isomorphism of F -spaces
(2) Suppose that D K splits. For compatible polarizations there is a natural isomorphism of Fspaces
Proof. Part one is trivial. To prove Part (2) simply note that
Hermitian Unitary Groups and their representations
Many groups will be used in the course of the paper. Let us introduce some preliminary notations:
• For any algebraic group M denote by M c its connected component.
• If M is a subgroup of a group of similitude of a Hermitian/skew-Hermitian space, denote by M 1 the subgroup of elements of M whose similitude is 1.
• For a group M over a field F and an extension E over F we denote by R E/F M the F -group obtained from M by restriction of scalars.
• Let M be an algebraic group over a local field F . A representation π of M (F ) (or just of M if there is no confusion) is a smooth representation if F is non-archimedean and smooth Frechet representation of moderate growth if F is archimedean.
• Let N (F ) be a normal subgroup of M (F ) and let π be a representation of N (F ). For m ∈ M (F ). Denote by π m the conjugate representation, i.e., π m (n) = π(mnm −1 ).
where J = ( 0 1 1 0 ) ∈ M 2 . The group G D acts on the algebraic Hermitian vector space (W D , h D ) by g.w = wg −1 and it is isomorphic to the group of the similitude automorphisms with the similitude character λ. That is,
One has a Levi decomposition
In particular λ(m(a, t)) = t −1 . The unipotent radical U D can be identified with
For any such S, the element u(S) ∈ U D acts trivially on Y D and for x ∈ X D one has u(S)(x) = x+S(x). 
In particular, for T = 0 we define a non-trivial character
(2) follows from (1).
Hence, m(a, t)Ψ T = Ψ T ⇔ aT a * = t −1 T.
3.1.4. Induced representations. Any irreducible representation of M D has the form τ ⊠ χ where τ is an irreducible representation of GL(X D ) and χ is a character of G m . We denote the induced representation associated with τ ⊠ χ by
If τ ⊠χ is a product of a tempered representation and a positive character the representation I PD (τ ⊠χ) has a unique irreducible quotient denoted by J PD (τ ⊠χ). Note that
3.2. The group G F . The group G F = GSp 4 , acting on W F by g.w = wg −1 , is the group of similitude automorphisms of the symplectic space (W F , h F ). The group G D is an inner form of G F and is isomorphic to it if and only if D splits. We realize G F as a group of matrices
The group G D is an inner form of G F and is isomorphic to it if and only if D splits.
The maximal Siegel parabolic P F consists of the elements stabilizing the space Y F . One has a Levi decomposition
The other maximal parabolic subgroup of G F is the Heisenberg parabolic subgroup. It is denoted by
We also fix a Borel subgroup
The similitude factor is given by λ(t(a, b, s)) = s −1 .
Induced representations.
Any irreducible representation of L F has the form χ ⊠ τ where τ is an irreducible representation of GL 2 and χ is a character of G m . If χ ⊠ τ is a product of a tempered representation and a positive character then the representation Ind
In the course of determining the theta correspondence in Section 6 we shall need the decomposition of the representation I Q (µ) := Ind
Here St denotes the Steinberg representation of GL 2 .
For a character χ(t(a, b, s)) = χ 1 (a)χ 2 (b)χ(s) denote the associated induced representation by
The group G DK over K is the group of similitude automorphisms of the one-dimensional Hermitian space W DK acting by g.w = wg −1 with the similitude character λ K , i.e.,
Since the space W DK is one dimensional over D K one has
The group G K over K is the group of similitude automorphisms of the two-dimensional Hermitian space W K acting by g.w = wg −1 with the similitude character λ K , i.e.,
Since h K is a symplectic form it follows that
The group G DK is an inner form of G K and is isomorphic to G K if and only if the algebra D K splits over K.
The similitude factor λ K induces the map of F -groups:
and there is a canonical embedding
We define the following algebraic groups over F .
There are natural inclusions of F -groups 
3.4. The unitary quaternionic groups as special orthogonal groups. The groups G D , G 0 DK play main role in this paper because of the following accidental isomorphisms Proposition 3.3. Let (V, q) be a 5-dimensional quadratic spaces over F with discriminant 1. Let (U, q K ) be a non-degenerate quadratic subspace of V of codimension 1 and discriminant algebra K.
DK over a local non-archimedean field vary over all pure inner forms of SO(V ) and SO(U ) as D varies over the set of quaternion algebras. Note that SO(U, q K ) is anisotropic if and only if the algebra D K splits.
Proof. We shall construct the isomorphisms explicitly. One has D = Span F {i, j, k}, where
It is known that h(D) = (α, β) F , where (·, ·) F denotes the Hilbert symbol. Consider the space
The space X has dimension 6 over F and admits the symmetric form q(x, y) = tr D/F (tr(xy)). The group G D acts on X by conjugation. In particular Z D acts trivially. This action preserves the form q and fixes the identity matrix. Denote by V the orthogonal complement to the identity matrix. More precisely,
it is easy to see to see that disc(V, q) = 1 and the normalized Hasse invariant h(V, q) equals h(D). This proves (1). For an quadratic algebra 
it is easy to see that disc(U, 
Note that the space W D with the signature (2, 0) is not hyperbolic.
The skew-Hermitian unitary groups
We shall now define and discuss some auxiliary groups that will be used to construct the packets of representations for the groups G D and G (2) The sequence of F -points is also exact
In particular, both connected components of H D have points over F .
where λ is the similitude character.
In particular, the non-identity connected component of the disconnected algebraic group H 1 D does not have F -points for the non-split D.
It is easy to describe the irreducible representations of H D (F ). By abuse of notations we shall write H D for H D (F ) when there is no ambiguity.
(1) Any irreducible representation of H D is a direct summand of some two-dimensional representation Ind
η is a sum of two one-dimensional representations. We denote them by τ ± η .
(4) For any two characters η and η
4.1.1. Labeling. We wish to distinguish between the two representations τ ± η when η = η σ . If D splits we choose labeling such that τ
4.2. The group H F and its representations. Define H F to be a group of similitude automorphisms of (V F , s F ). One has λ(
In particular any irreducible representation of H F is a constituent of Ind
If E is a split quadratic algebra over F and σ ∈ Aut F (E) is a non trivial automorphism we fix an isomorphism
Any character of η of H c F can be written in the form µ ⊠ η F , where µ and η F are characters of G m . Lemma 4.3.
(
Define H DK and H K to be the group of similitude automorphisms of (V DK , s DK ) and of (V K , s K ) respectively.
The similitude characters are denoted by λ DK and λ K . Also denote
Note the following properties:
(1) There are natural embeddings
5. Theta correspondences for similitude dual pairs 5.1. Howe duality. Let us recall the notion of the abstract Howe duality after Roberts, [R] . Let A and B be reductive groups over a local field of characteristic zero and let ρ be a smooth representation of A × B. For any smooth irreducible representation τ of A (resp. B) the maximal τ isotypic component of ρ has the form τ ⊠ Θ(τ ) for some smooth representation Θ(τ ) of B (resp. of A), possibly zero. We say that Howe duality holds for the triplet (ρ, A, B) if for any irreducible representation τ of A (resp. B) such that Θ(τ ) = 0 the maximal semisimple quotient θ(τ ) of Θ(τ ) is irreducible. The representations Θ(τ ) and θ(τ ) are called big theta lift and small theta lift of τ respectively. Theta correspondence is another name for Howe duality.
Let (H 1 , G 1 ) be a classical dual pair of isometry groups acting on the spaces V and W respectively and let (H, G) be the corresponding similitude groups with the similitude character λ. Define
Let ω ψ be a Weil representation of Sp(V ⊗ W ) associated to a non-trivial additive character ψ. Any splitting s :
The Weil representations ω ψ,s has been suitably extended from H 1 × G 1 to R for symplecticorthogonal pairs in [R] and for the quaternionic unitary dual pairs where one of the spaces is hyperbolic even-dimensional in [GT] .
(1) Howe duality for the triplet (ω ψ,s , G 1 , H 1 ) implies Howe duality for the triplet
Remark 5.2. Proving his results, Roberts has made the assumption that the restriction of irreducible representations from G + to G 1 is multiplicity free. This assumption holds for symplectic-orthogonal dual pairs ([AP]), but does not necessarily hold for quaternion dual pairs. The proof in [GT] , Prop. 3.3 that works for all classical dual pairs does not require this assumption.
Although [GT] deals with smooth representations over non-archimedean fields, the proof of Prop. 3.3. applies in the case F is archimedean as well. Indeed, it uses only Frobenius reciprocity and the technique of restriction a representation to a subgroup of finite index.
Another general result was proven for isometry theta correspondence in [MVW] and generalized for a similitude theta correspondence in [GT] .
Theorem 5.3. Let F be a non-archimedean field. For any supercuspidal representation τ of H + , its theta lift Θ(τ ) is either zero or irreducible. In particular Θ(τ ) = θ(τ ).
5.2. Orthogonal-symplectic dual pairs. Howe duality does not hold for a general similitude orthogonal-symplectic triplet (Ω = ind G×H R ω ψ,s , H, G). However it does hold in the case of interest in this paper. We have the following proposition
be an orthogonal-symplectic dual pair where (V, q) be an even-dimensional quadratic space and dim V ≤ dim W . Then Howe duality for the triplet (ω ψ,q , H 1 , G 1 ) implies Howe duality for the triplet (Ω = ind
is a split algebra then G + = G and there is nothing to prove. Assume now that disc(V, q) = E is a field. In this case G + is a subgroup of G of index 2. It has been shown in [R] , Prop. 1.2. that the following statements are equivalent:
(1) Howe duality for (Ω, H, G) holds.
(2) for any irreducible representation π of G 1 and any g ∈ G\G + at most one of the representations π, π g has a non-zero theta lift to H 1 .
Let us show that the statement (2) above holds. Otherwise there exists an irreducible representation π of G 1 and an element g ∈ G with
Hence θ ψ,aq (π g ) is non-zero representation of SO(V, aq). The spaces (V, aq) and (V, q) belong to the different Witt towers. It follows from the conservation principal recently proven in [SZ] for all local fields that dim(V, q) + dim(V, aq) ≥ 2 dim W + 2. This contradicts the condition dim(V ) ≤ dim (W ) .
Let us get back to the notations of Sections 2 − 4. The group (H
The representation ω sF ,ψF can be extended to the group
F .
Remark 5.5. The definition above agrees with the definition of Weil representation in [GTak] . Indeed, the similitude factor of a matrix g ∈ GSp 4 in [GTak] is defined to be det(g) 1/2 , while here λ(g) = det(g) −1/2 . The groups R D and the group R in [GTak] are the same subgroups of GO(V F )× GSp(W F ) and the representations are identical.
We denote by ω sK ,ψK the realization of the Weil representation of
Similar to the previous cases, we extend ω sK ,ψK to the group
The representation ω 0 ψK ,sK will denote the restriction of ω ψK,sK to R no longer depend on the character ψ nor on the Hasse invariants of s F , s K but only on the discriminant of the form and hence will be denoted by Ω E and Ω L respectively. Indeed, for any a ∈ F × we denote by ψ a the additive character defined by ψ a (x) = ψ(ax). Let g a be any element of G F whose similitude factor is a. From the formulas above it follows easily that ω sF ,ψa ≃ ω asF ,ψ ≃ ω ga sF ,ψ . Hence the induction of ω ψ,sF to H F × G F does not depend on a. Similar argument applies for ω sK ,ψK .
We also define Ω
Proposition 5.6. Howe duality holds for the triplets
Howe duality for the triplet (ω sK ,ψK , H
The convenient reference is [Ca] for non-archimedean field. When F is archimedean, Howe duality holds by the general result of Howe in [H] .
Since dim 
This definition agrees with the one given in [Ya2] . We extend ω sD ,ψ to
Note that the center of R D acts trivially. The representation ind HD ×GD RD ω ψ,sD does not depend on ψ and s D but only on its discriminant E and hence will be denoted by Ω 
Corollary 5.8. If D splits then To study the restriction problem we will apply see-saw duality technique which makes use of big theta lift Θ (1) Let D be a non-split algebra and η = η 
Theorem 6.2. Let E be a field extension of F .
(1) For any irreducible representation τ of
, where π(η) is the dihedral supercuspidal representation of GL 2 associated to the character η.
Here the representation π(η) denotes the dihedral supercuspidal representation of GL 2 with respect to a character η. 
by the reduction lemma above, it is enough to determine the theta lift of the trivial representation. We construct a map
The equivariance properties are easily checked.
Hence by Frobenius reciprocity the theta lift θ D E (1) is a subrepresentation of Ind
and hence it is a Langlands quotient of Ind
The third part is proved in [GI] Prop. A.8. The small discrepancy in the notations is resolved by remark 5.5.
Next we consider the case where E and hence D are split algebras. Recall that any representation of H D has the form τ ± η , where η = µ ⊠ η F . Theorem 6.3. Let both D and E be split algebras.
are both irreducible and
Lemma 6.1 reduces the proof of this theorem to the η F = 1 case.
Proof. The key step in the proof is the following lemma.
Lemma 6.4. For µ = | · | 2 there is an injective map of G D modules
Proof. By Frobenius reciprocity 
The quotient Ω/J is isomorphic to S(F × ) and the action of
In particular, if µ = | · | 2 one has Hom H c
D
(Ω/J, µ ⊠ 1) = 0 and hence by Lemma 9.4 of [GG1] there is an isomorphism of G D modules
. A straightforward computation shows that V is a one-dimensional space on which Q acts by µ
To derive the theorem from the last lemma assume first that µ = 1 so that τ µ = Ind 
Assume now that µ = 1 so that Ind
. By the lemma above there is a surjective map
) and hence using Lemma 3.2 both {Θ
On the other hand, the representation τ
Note that in the only case where θ 
is the unique irreducible quotient of
Part one is proved in [GI] , A.8, while the second part follows from Theorem 6.3.
6.2. Twisted Jacquet modules of G D . For any irreducible representation Π of G D denote its wave front byF (Π) = {E ⊂ D : ∃ T : disc(T ) = E and Π UD,ΨT = 0}.
Proposition 6.6. Let τ be an irreducible representation of
In the course of the proof define for any
given by
By the formulas of the Weil representations
e)))B(φ)(v ⊗ e, y).
The expression above vanishes for all the skew-Hermitian forms S if and only if B(φ) is supported on the set
Hence, the restriction of functions from
There is a natural bijection of the sets GU
(V D , s D ) ≃ H D and A sD ,T via h → (hv 0 , λ(h −1 )).
Using this isomorphism we identify (Ω D E ) UD ,ΨT with S(H D ). By the formulas of the Weil representation, the action of H
The proposition now follows.
Obviously, η L is Galois invariant if and only if µ K = 1.
Proposition 6.7. Let π be an irreducible representation of
L is given in the following proposition whose proof is identical to the proof of Prop. 5.1, part (2).
Proposition 6.8.
(1) Let π be an irreducible representation of
Local parameters and local packets
In this section we describe the structure of the non-tempered Arthur packets on SO(V ) and define them using the theta correspondence described above. The centralizer of the image of SL 2 (C) in Sp 4 (C) is the group O 2 (C). Hence, by restriction, the parameter Ψ gives rise to a Langlands parameter Φ :
The parameter Φ : W F → O 2 (C) determines a quadratic algebra E over F as follows. If the image of Φ is contained in SO 2 (C) then E = F × F . Otherwise there exists a quadratic field extension E such that Φ(W E ) ⊂ SO 2 (C). Denote by σ the non-trivial automorphism in Aut(E/F ). By class field theory Φ determines the character η : E × → C × . To stress this dependence we shall write Ψ E,η , Φ E,η for Ψ and Φ as above. Note that the parameters Ψ E,η and Ψ E,η σ are conjugate and the same is true for Φ E,η , Φ E,η σ .
The dual Langlands group of Z D \G D , where D runs over quaternionic algebras, is Sp 4 (C). Hence, by Arthur's conjecture the parameter Ψ E,η gives rise to a set A 
must stay in bijection with S E,η , the set of characters of S E,η , where the local component group S E,η of both Ψ E,η and Φ E,η is given by
The L-packet L D E,η of representations of H D is defined to consist of the constituents of Ind
The authenticity of this construction will be evident from global considerations. The structure of the packets L Let us describe the bijection r between the sets A E,η (resp. L E,η ) and S E,η .
•
is defined as the set of constituents of a single irreducible representation π of
We denote the corresponding parameter by Ψ π .
see-saw duality and the restriction theorem
In this section assume that the algebra D K splits.
8.1. See-saw duality. There is a natural embedding i G :
The following proposition is straightforward.
Using this we prove the see-saw duality theorem.
Theorem 8.2. Let τ and π be two irreducible representations of H D and G K respectively. Then
Proof. Assume that after the restriction to G 0 K the representation π decomposes as π = ⊕π i . By definition one has
Hence, by Frobenius reciprocity and by Proposition 8.1 the above equals
8.2. The main restriction theorem.
Assume that the condition in the first part holds.
If D does not split then the labeling is not canonical and depends on the choice η
when π = π(η L ) and zero otherwise. It is easy to describe the latter space using Frobenius reciprocity.
that is one-dimensional if η L matches η and zero otherwise.
that is one-dimensional if η L matches η and zero otherwise. 
The case η K = η − F follows by the same argument.
Corollary 8.5. Let Ψ 1 = Ψ E,η and Ψ 2 = Ψ π . Then
9. Global Parameters and global packets 9.1. Global parameters. Let F be a number field. Denote by pl(F ) the set of completions of F . Let L F be the conjectural Langlands group associated with F . A non-tempered global Arthur parameter of θ 10 type is a map Ψ :
where the image of the unipotent element of SL 2 (C) is conjugated to the short root unipotent element of Sp 4 (C) and the image of L F is bounded. As before, it determines by restriction a global tempered parameter Φ :
is contained in SO 2 (C) then its centralizer is not finite modulo the center and hence the parameter is not expected to contribute to the discrete spectrum. Thus we assume that this is not the case. In particular, there exists a unique quadratic field extension E over F , with the non-trivial automorphism σ ∈ Gal(E/F ), such that Φ(L E ) ⊂ SO 2 (C). Moreover, by class field theory Φ determines a unitary automorphic character η = ⊗ w∈pl(E) η w : E × \I E → C × with a trivial restriction to I F . We shall write Φ E,η and Ψ E,η for Φ, Ψ respectively.
Thus, by composition, the parameters Ψ E,η , Φ E,η give rise to a family of local parameters Ψ Ev,ηv , Φ Ev,ηv where E v = E ⊗ F F v is a quadratic algebra over F v and
Definition 9.1. The automorphic characters η 1 and η 2 will be called globally equivalent if there exists s ∈ Gal(E/F ) such that s(η 1 ) = η 2 . The characters will be called almost everywhere equivalent if for almost all places v of F there exists
Remark 9.2. The parameters Ψ E,η1 and Ψ E,η2 (resp. Φ E,η1 and Φ E,η2 ) associated with the globally equivalent characters are conjugate.
In the next section the following lemma will be used Lemma 9.3. Let η 1 , η 2 : E × \I E → C × be two almost everywhere equivalent unitary characters. Then η 1 , η 2 are globally equivalent.
Proof. Let S be a finite set of places outside of which the local equivalence holds. Denote by L S (·, s) the Euler product of the local L-functions over the places outside of S and by L S the finite product of the local L-functions over the places in S.
Consider the L-function L(
and hence has a pole at s = 1. Thus, one of the terms L(
has a pole at s = 1. In particular, either η 1 = η 2 or η 1 = σ(η 2 ).
9.2. Global packets. Let D be a quaternion division algebra over F containing E and let η = ⊗ v∈pl(F ) η v be an automorphic character of I E . We shall define several subsets of pl(F ).
• Let S E be the set of places v of F such that
• Let S D be the set of places v of F at which D v does not split over F v . This set is always finite and of even cardinality. Clearly,
• Let S η be the set of places v of F such that η v = η σ v for the non-trivial σ in Aut(E v /F v ). In particular, for any D the local packets A Dv Ev ,ηv and L Dv Ev,ηv constructed in Section 7.1 contain two elements for v ∈ S η and are singletons otherwise. The set S η is always infinite since any v ∈ S E such that η v is unramified belongs to it.
• Let S −1 be the set of places v of
. This set is always finite and of even cardinality. For the one-dimensional skew-Hermitian space (V D , s D ) over D of discriminant E and for the two-dimensional hyperbolic Hermitian space (W D 
The parameters Φ E,η and Ψ E,η give rise to the packets L Furthermore, for any finite set S ⊆ S η consider the collection ǫ S = (ǫ v ∈ S Ev,ηv ) such that
We shall denote by τ The global Arthur packets for G D and Langlands packets for H D are defined to be
9.3. Arthur multiplicity formula. The global component groups of the parameters Ψ E,η Φ E,η are isomorphic and are equal to
and there is a natural inclusion i : S E,η ֒→ Π v S Ev,ηv . According to Arthur's conjecture for a collection of representations ǫ = (ǫ v ∈ S Ev,ηv ) where ǫ v is trivial for almost all v, the multiplicities of the representations Π ǫ η , τ ǫ η in the discrete spectrum of G D and H D respectively are equal to
Lemma 9.5. For an automorphic character η and a finite set S ⊂ S η one has m(ǫ S ) = m(η, S) where
Here △ denotes the symmetric difference of the sets. Hence, for any finite S ⊆ S η the RHS of (9.4) equals 0 η = η σ , |S| is odd 1 otherwise .
Recall that for v ∈ S D ∩ S η the labeling of the representations in L Dv Ev,ηv (and hence in A Dv Ev ,ηv ) was not canonical. For the multiplicity formula to hold we should choose the labeling in a coherent way. If η = η σ then the labeling of L Dv Ev,ηv for v ∈ S D ∩ S η can be chosen arbitrary. However, if η = η σ then η = η F • Nm E/F for an automorphic character η F . The character η F is defined up to multiplication by χ E/F . The choice of η F fixes the labeling for every v ∈ S D . Replacing η F by χ E/F η F will change the labeling simultaneously at all the places in S D .
Our next task will be to prove that Arthur's multiplicity conjecture holds for all the representations in L E,η and A E,η .
Discrete spectrum of H D
In this section we shall describe explicitly the decomposition of the space
. Since E is assumed to be a field, the space
) is compact and hence the space of square integrable functions decomposes discretely.
Theorem 10.1.
Proof. First note that all the representations in the sum are non-isomorphic. Indeed τ E η : Ind
It follows immediately from the definition that
In particular, we have shown one inclusion. To establish the equality take f such that (f, E η (φ)) = 0 for all η, φ ∈ Ind
If the integral vanishes for all φ then the inner integral vanishes for almost all h and for all η. Hence f = 0.
Remark 10.3. In particular, for a fixed equivalence class of η, the space V (η) is a full nearly equivalence class of cuspidal representations of H D (A). This shows that the L-packets L E,η were defined correctly.
Since the global packets L E,η and A E,η have the same structure it is natural to attempt to construct the automorphic representations in A E,η using the automorphic representations of L E,η . The global theta correspondence method provides such a construction.
The global theta correspondence
Whenever m(η, S) = 1 we shall construct an automorphic realization of Π S η using the global theta correspondence.
Recall the construction of the global theta correspondence for the dual pair (
× be a non-trivial additive character. The representation
admits an automorphic realization
11.1. The global theta correspondence from
(1) For any irreducible representation τ
is irreducible, non-zero and contained in the discrete spectrum of G D . Moreover,
Proof. The non-vanishing follows from the non-vanishing of the global theta lift for isometries, proven in [Ya2] . The irreducibility of the global lift follows from the irreducibility of the local lifts. Parts (2) and (3) follow from Lemma 1.3 of [S] and Lemma 3.1 of [Ya2] . If the conditions in Parts (2) and (3) do not hold then applying the square-integrability criterion it is shown in [Ya1] and [KRS] that the theta lifts are contained in the discrete spectrum.
In particular, for any η, S one has m(Π For any automorphic form ϕ on G D define its Fourier coefficient with respect to the skew-Hermitian form T by
For any automorphic representation Π of G D (A) the Fourier coefficient defines a map
12.2. The wave front. For any irreducible automorphic representation Π define the wave front set byF (Π) = {E : ∃ T : disc(T ) = E, ϕ ∈ Π : F T (ϕ) = 0}.
If Π = ⊗Π v and E ∈F (Π) then obviously E v ∈F (Π v ). We shall make use of the following important theorem by Jian-Shu Li, [Li] . ∨ ⊗ χ D,−1 . Since by assumption η = η σ , the above representation is
In particular S△(S D △S −1 ) has even cardinality and hence S has even cardinality so m(η, S) = 1. This is a contradiction. Assume now that (η, S) is such that m(η, S) = 1. Let us show that the multiplicity of Π S η in the discrete spectrum is 1. The multiplicity is at least one because one realization is given by the theta correspondence Π
. By the multiplicity one property for the discrete spectrum of H D there exists a constant c ∈ C × such that F T (J 1 − cJ 2 )(Π S η ) = 0. Hence, the automorphic representation (J 1 − cJ 2 )(Π S η ) does not support any non-degenerate coefficients along U D (A) and therefore by Proposition 12.2 it is zero. In other words, J 1 and J 2 are proportional and hence the multiplicity of Π S η in the discrete spectrum is one.
L-function
Our next goal is to show that the constructed Arthur packets contain the full nearly equivalence class of cuspidal representations. Our approach exploits a Rankin-Selberg integral representation of an L-function of degree 5 of a cuspidal representation of G D (A). This is a generalization of the L-function studied in [PS-R].
13.1. Notations. Below F is a number field and A is its ring of adeles. For any place v of F , F v denotes the v-adic completion of F . If F v is non-archimedean O v denotes the ring of integers of F v , ̟ v denotes a uniformizer inside O v and q v denotes the cardinality of the residue field . For any finite set of places S we denote
The group Sp 4 (C) which is the L-group of Z D \G D , admits a 5 dimensional irreducible complex representation ρ, given by the accidental isomorphism P Sp 4 (C) ≃ SO 5 (C) discussed above. hLet χ : E × \I E → C × be an automorphic character and let Π = ⊗ v Π v be an irreducible representation of G D (A). There exists a finite set of places Ω which includes all the archimedean places and which contains S D such that for v / ∈ Ω the representation Π v is unramified with a Satake parameter t Πv and the character χ v is unramified too. Define
By Proposition 6.5
and hence it has a simple pole at s = 2. We shall show that this property characterizes the cuspidal representations in the nearly equivalence class of Π ∅ η .
13.2. Eisenstein series. Let K denote the maximal compact subgroup of G D (A). For any Kfinite standard section f (·, s) in the unitary induced representation Ind
associated Eisenstein series for s, whose real part is sufficiently large
The Eisenstein series admits a meromorphic continuation for the entire compex plane.
Theorem 13.1. For any standard section f (g, s), the Eisenstein series E(g, f, s) has at most a simple pole at s = 3/2. The pole is attained by the spherical section and the residue is the constant function.
Proof. For D split this is proved in Theorem 3.1 in [S] , and for non-split D this is proved in [Ya1] .
Let us define the normalized Eisenstein series by
The function ϕ is rapidly decreasing on
In particular the integral converges absolutely and hence defines a meromorphic function on C.
Theorem 13.3. Let Ω be a finite set of places which includes all the archimedean places and the set S D such that outside of Ω the representation Π v and the field extension E v are unramified. Let ϕ = ⊗ v ϕ v and f = ⊗f v be factorizable data, that is spherical outside of the set Ω. Then, for Re(s) sufficiently large
Moreover, for every s 0 ∈ C there exist ϕ, f, φ such that d Ω (ϕ, φ, f, s) defines a holomorphic non-zero function in the neighborhood of s 0 .
The proof of this theorem will occupy the rest of this section. Let us list some immediate corollaries:
The zeta integral Z(ϕ, φ, f, s) has meromorphic continuation to the whole complex plane and hence the identity 13.4 can be used to define the meromorphic continuation of the partial L-function
Corollary 13.5. Let Π be an irreducible cuspidal representation of G D (A) such that E ∈F (Π) and the finite set Ω is as above. If L Ω (π, χ E/F , ρ, s) has a pole at s = 2 then θ D E (Π) = 0. Proof. Let ϕ, φ, f be functions such that d Ω (ϕ, φ, f, s) is holomorphic, nonzero around s = 2. Hence Z(ϕ, φ, f, s) has a pole at s = 2 and the leading term of Laurent expansion of Z(ϕ, φ, f, s) at s = 2 is is
If D splits, the theorem was proven by [PS-R] . The proof in the case where D does not split is almost identical and is sketched in the following three subsections.
13.4. Unfolding. Proposition 13.6. For Re(s) sufficiently large it holds
where r 0 is a fixed non-zero vector of
Proof. Substituting the definition of the Eisenstein series for Re(s) sufficiently large we obtain
Since D does not split there are only two orbits of the action of Remark 13.8. Note that collapsing the sum and the integration above will be justified if we show that the integral on the right hand side absolutely converges. We shall show it in the next subsection.
13.5. Unramified computation. For a general Π, the space Hom UD (Fv ) (Π v , C Ψs D ) is not onedimensional. Hence, the functional F sD is not necessarily factorizable. However, the integral (13.7) is factorizable due to the following striking proposition.
. Hence, the proposition is a special case of the main theorem in [PS-R] for n = 2. As a corolllary we obtain the decomposition
The integral on the right hand side converges for Re(s) sufficiently large. Indeed, by Iwasawa decomposition its convergence is equivalent to the convergence of
Since ϕ is of moderate growth there exists a constant k such that F sD (mϕ) ≤ C(ϕ S ) m k . Hence for Re(s) sufficiently large the right hand side of (13.4) converges absolutely. This justifies the formal operation in the process of the unfolding.
13.6. The ramified factor. It remains to show that for any s 0 ∈ C there exists
is holomorphic and does not vanish in a neighborhood of s 0 . Define as above
Suppose ϕ is such that F sD (ϕ) = 0. It is possible to find a Schwarz function φ whose support is small enough to ensure the holomorphicity and non-vanishing of J(ϕ, φ, s) around s = s 0 . Then,
Choose now a standard section f whose restriction to K has a support which is small enough to ensure the non-vanishing of d Ω (ϕ, f, φ, s) around s = s 0 .
The nearly equivalence classes
We shall use the results of the previous section to show that the constructed set of representations contains, together with every cuspidal representation, its full nearly equivalence class of cuspidal representations. 
is given by θ(φ)(h, g) = x∈VK ⊗XK (K) ω sK ,ψK (h, g)φ(x).
For a cuspidal representation π of G K (A) define its theta lift to be the space spanned by the functions of the form
θ(φ)(h, g 1 g)ϕ(g 1 g) dg 1 , where λ(g) = λ(h), φ ∈ ω sK ,ψK , ϕ ∈ π. This is a well-known lift. Below we summarize its properties.
Proposition 15.1. Let π be an irreducible cuspidal representation of G K (A). The following statements are equivalent.
(1) θ L (π) = 0. 
Remark 15.2. 
Let π be an irreducible cuspidal representation of G K (A K ). Consider a space of automorphic functions on G 
Proof. In the course of this proof denote G 0,+ To obtain the global see-saw duality we write for f τ ∈ τ, f π ∈ π
The main global theorem
Let K be a quadratic algebra and D be a quaternion algebra such that S D ⊂ S K . Define the period integral
The convergence of this period follows from the cuspidality of ϕ.
We investigate the non-vanishing of P D,K on the representation Π ⊠ π whenever Π ∈ A D E,η and π is a cuspidal representation of G K (A) whose central character has trivial restriction to I F . By the see-saw identity, the non-vanishing of P D,K on Π ⊠ π is equivalent to the non-vanishing of the integral ZD (A)HD (F )\HD (A) E ηL (φ K )(h) E η (φ)(h) dh for some pure tensor products vectors φ K ∈ τ E ηL (φ K )(h)E η (φ)(h) dh = The conjecture holds for Saito-Kurokawa packets as shown in [GG] . Let us show that it also holds for the packets of the type θ 10 .
The L-parameter associated to Ψ E,η equals Φ E,η |·| 1/2 ⊕Φ E,η |·| −1/2 . The parameter Ψ 2 is associated to a representation π of G K (A) whose central character has trivial restriction to I F .
Thus Assume that this expression does not vanish. The denominator has a simple pole at s = 1/2 coming from the factor ζ(s + 1/2). Hence the numerator also must have a pole. The numerator is the product of two triple L-functions whose analytic behavior was studied in [I] . In particular, if L(π(η) × π, s) has a pole at s = 1 then K = E and π = π(η L ) with η L matches η. In this case L(π(η) × π, s) also has a pole at s = 0
Conversely, assume P D,K (Π ⊠ π) = 0. Then K = E and π = π(η L ), where η L matches η. In this case
L σ(η L ), s) and hence has a pole at s = 1 and at s = 0. Thus the (18.3) does not vanish.
